In this paper, we establish the generalized Hyers-Ulam stability problem of radical quadratic functional equations f ( x 2 + y 2 ) = f (x) + f (y) in fuzzy Banach spaces via the direct and fixed point methods. MSC: 39B72; 39B82; 39B52; 47H09
Introduction
The stability problem concerning the stability of group homomorphisms of functional equations was originally introduced by Ulam In the sequel, we use the definitions and some basic facts concerning fuzzy Banach spaces given in Bag and Samanta [] .
Definition . Let X be a real linear space. A function N : X × R → [, ] is called a fuzzy norm on X if, for all x, y ∈ X and s, t ∈ R, N satisfies the following conditions: 
is a fuzzy norm on X.
Definition . Let (X, N) be a fuzzy normed linear space.
() A sequence {x n } in X is said to be convergent to a point x ∈ X if, for any >  and t > , there exists n  ∈ Z + such that N(x n -x, t) >  -for all n ≥ n  . In this case, x is called the limit of the sequence {x n }, which is denoted by x = lim n→∞ x n . () A sequence {x n } in X is called a Cauchy sequence if, for any >  and t > , there
() If every Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed linear space is called a fuzzy Banach space.
A mapping f : X → Y between fuzzy normed linear spaces X and Y is said to be continuous at a point x  ∈ X if, for any sequence {x n } in X converging to a point x  ∈ X, the sequence {f (x n )} converges to f (x  ). If f : X → Y is continuous at every point x ∈ X, then f is said to be continuous on X.
Then (R, N) is a fuzzy Banach space. http://www.journalofinequalitiesandapplications.com/content/2014/1/231
In this paper, we establish the generalized Hyers-Ulam stability problem of a radical quadratic functional equation f ( x  + y  ) = f (x) + f (y) in fuzzy Banach spaces via the direct and fixed point methods.
Fuzzy stability of the radical quadratic functional equations
In this section, we study a fuzzy version of the generalized Hyers-Ulam stability of functional equation which approximate uniformly a radical quadratic mapping in fuzzy Banach spaces.
The direct method
Theorem . Let ∈ {-, } be fixed, (Y, N) be a fuzzy Banach space and φ :
be a mapping such that
for all x, y ∈ R. Suppose that f : R → Y is a mapping with f () =  such that, for all t > ,
for all x ∈ R. Furthermore, the quadratic mapping Q : R → Y is a unique mapping such that, for all t > ,
uniformly on R.
Proof Assume that = . For any > , by (.), we can find some t  >  such that
for all x, y ∈ R and t ≥ t  . Replacing x and y by
for all x, y ∈ R and t ≥ t  . It follows from (.), (.), and (N) that
for all x, y ∈ R and t ≥ t  . Letting y = x in (.), we have
for all x ∈ R and t ≥ t  , whereφ(
. By induction on n, we have
for all x ∈ R, t ≥ t  and n ∈ Z + . Let t = t  . Replacing n and x by p and  n  x in (.), respectively, we have
for all n ≥  and p > . It follows from (.) and the equality
that, for any δ > , there exists some n  ∈ Z + such that
for all n ≥ n  and p > . Now, it follows from (.) that
for all n ≥ n  and p > . Thus the sequence {
 n } is a Cauchy sequence in a fuzzy Banach space Y and so it converges to some Q(x) ∈ Y. We can define a mapping Q : R → Y by
 n -Q(x), t) =  for all x ∈ R and t > . Let x, y ∈ R, t >  and  < < .
for all n ≥ n  . Then, by (N), we have
for all n ≥ n  . Since the first three terms on the right-hand side of the above inequality tend to  as n → ∞ and
we have
for all x, y ∈ R, t >  and  < < . It follows from (N) that Q( x  + y  ) = Q(x) + Q(y) for all x, y ∈ R. This means that Q is a quadratic mapping [] . Now, suppose that (.) holds for some δ >  and α > . Then assume that
for all x, y ∈ R. For all x ∈ R, by a similar method to the beginning of the proof, we have
Combining (.) and (.) and using the fact lim n→∞ N(
for large enough n ∈ Z + . It follows from the continuity of the function
Letting t → , we conclude (.). http://www.journalofinequalitiesandapplications.com/content/2014/1/231
Next, assume that there exists another quadratic mapping T which satisfies (.). For any > , by applying (.) for the mappings Q and T, we can find some t  >  such that
for all x ∈ R and t ≥ t  . Fix x ∈ R and c > . Then we find some n  ∈ Z + such that
for all x, y ∈ R and n ≥ n  . It follows from
for all x, y ∈ R and c > .
Thus we have N(Q(x) -T(x), c) =  for all c >  and so Q(x) = T(x)
for all x ∈ R. For the case = -, we can state the proof in the same method as in the first case. In the case, the mapping Q is defined by
. This completes the proof. 
Proof The proof follows from Theorem . by taking φ(x, y) = θ (|x| p + |y| p ) for all
x, y ∈ R.
Corollary . Let (Y, N) be a fuzzy Banach space and ψ
exists for all x ∈ R and defines a quadratic mapping Q : R → Y such that, for all t > ,
Proof The proof follows from Theorem . by taking φ(x, y) = θ (ψ(|x|) + ψ(|y|)) for all x, y ∈ R.
The fixed point method
Recall that a mapping d :
A set X with the generalized metric d is called a generalized metric space. In [], Diaz and Margolis proved the following fixed point theorem, which plays an important role for the main results in this section. It is easy to show that ( , d) is a generalized complete metric space [] . We consider the mapping T : → defined by
for all x ∈ R, and so
for all g, h ∈ . This means that T is a strictly contractive self-mapping of with the Lipschitz constant L. It follows from (.) that d(f , Tf ) ≤  < ∞. Now, it follows from Theorem . that the sequence {T n f } converges to a unique fixed point Q of T. So there exists a fixed point Q of T in such that
for all x ∈ R since lim n→∞ d(T n , Q) = . Again, using the fixed point method, since Q is the unique fixed point of T in * = {g ∈ : d(f , g) < ∞}, we have
for all x ∈ R and t > . Further, we have 
